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ABSTRACT 

A d e t a i l e d  s t r u c t u r e  of t h e  Chapman-Enskog expansion f o r  
the l i n e a r i z e d  Grad moment equa t ions  is de te rmined .  A 
method of p a r t i a l  summing of t he  Chapman-Enskog s e r i e s  
i s  i n t r o d u c e d ,  and is  used t o  remove short-wave 
i n s t a b i l i t y  of  t h e  Burne t t  approximations . 

1 .  INTRODUCTION 

Ob ta in ing  hydrodynamics from t h e  Boltzmann equa t ion  
is a c l a s s i c a l  p rob lem.  A t  t h e  same t i m e ,  a number of 
q u e s t i o n s  a r i s i n g  h e r e  a r e  s t i l l  unanswered, T h u s ,  i t  is 
n o t  q u i t e  c l e a r  which equa t ions  should fol low t h e  
Nav i e  r-Stok e s  approximation . The c l a s s i c a l  
chapman-Enskog method [ 1 J g i v e s ,  i n  p r i n c i p l e  , t he  
p o s s i b i l i t y  t o  c o r r e c t  t he  Navier-stokes approximation . 
However, a s  i t  h a s  been shown i n  [ 2 ] ,  t he  f i r s t  
c o r r e c t i o n s  ( t h e  Burne t t  and t h e  super-Burnett  
c o r r e c t i o n s )  r e s u l t  i n  a ca t a s t rophe  : short-wave 
i n s t a b i l i t y  of s o n i c  waves o c c u r s .  A s  i t  was s t a t e d  i n  
[ 2 ] ,  t h i s  r e s u l t  c o n t r a d i c t s  t h e  H-theorem. I t  i s  
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102 GORBAN AND KARLIN 

commonly known t h a t  t h e  entropy growth r e s u l t s  i n  a 
d e c r e a s e  of  any s m a l l  p e r t u r b a t i o n  of t he  e q u i l i b r i u m .  

The ' u l t r a - v i o l e t  c a t a s t r o p h e  " of  the  B u r n e t t  
approximations makes u s  th ink  t h a t  we have t o  t ake  i n t o  
account t h e  very remote terms of  t h e  chapman-Enskog 
expansion.  T h i s  s i t u a t i o n  is s i m i l a r  t o  t h a t  which 
occur s  i n  quantum f i e l d  theory and s t a t i s t i c a l  
mechanics . singu l a r i t i e s  of expansions which occur  t h e r e  
can b e  removed by approximations of t h e  whole s e r i e s  
( p a r t i a l  summing of i n f i n i t e  subsequences o f  d i a g r a m s ,  
Pade approx ima t ions ,  e t c  . )  . 

In t h i s  paper  we make an at tempt  t o  c o r r e c t  t he  
Burne t t  approximations by p a r t i a l  summing of the  
Chapman-Enskog s e r i e s .  The d i f f i c u l t i e s  i n  o b t a i n i n g  the  
terms of t hese  se r ies  from t h e  Boltzmann equat ion a r e  
common knowledge. F o r  example,  t h e  B u r n e t t  and t h e  
super-Burnett  approximations f o r  t he  s i m p l e s t  c a s e  of  
Maxwell molecules have on ly  r e c e n t l y  been completely 
obtained [ 3 ] .  T h e r e f o r e ,  we d e a l  with t h e  Chapman-Enskog 
expansion f o r  t h e  l i n e a r i z e d  Grad hydrodynamic equa t ions  
[ 4 ]  r a t h e r  than with t h e  Boltzmann e q u a t i o n .  A t  l e a s t  i n  
t h i s  ( l i n e a r )  ca se  t h e  d i f f e r e n c e  between t h e  r e s u l t s  
f o r  Grad equa t ions  and t h e  Boltzmann equat ion is 
n e g l i g i b l e .  Grad e q u a t i o n s  g i v e  u s  c e r t a i n  t e c h n i c a l  
advan tages ,  e s p e c i a l l y  when working with t h e  
Chapman-Enskog s e r i e s  a s  a who le .  

T h e  s t r u c t u r e  of t h i s  pape r  is a s  f o l l o w s :  In 
s e c t i o n  2 t h e  s t r u c t u r e  o f  t h e  Chapman-Enskog 
c o e f f i c i e n t s  f o r  t h e  l i n e a r i z e d  t ens ion  t e n s o r  and f o r  
t he  h e a t  flow v e c t o r  is  s e t .  The expres s ion  ( 2 . 7 )  

p a r t i c u l a r i z e s  t h e  a p p r o p r i a t e  Grad ' s  r e s u l t  f o r  t he  
l i n e a r i z e d  Boltzmann equa t ion  [ S ] .  In s e c t i o n  3 we 
i n t r o d u c e  a method of  consecu t ive  approx ima t ions ,  which 
approximates t h e  Chapman-Enskog r e c u r r e n t  procedure . 
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GHAPHAN-ENSKOG EXPANSION 103 

T h i s  method i n v o l v e s  p a r t i a l  summing of  the 
Chapman-Enskog se r ies  . Some a p p l i c a t i o n s  of t h i s  method 
t o  t h e  l i n e a r i z e d  Grad equa t ions  a r e  c o n s i d e r e d .  

The r e s u l t s  of t h i s  paper  were p re sen ted  a t  t he  
CHISA I n t e r n a t i o n a l  Congress (P raha ,  1 9 9 0 )  [ 6 ] .  

2 .  STRUCTURE OF THE CHAPMAN-ENSKOG EXPANSION 

Denote a s  P o ,  T o ,  and 3,=0 t h e  equ i l ib r ium v a l u e s  
of d e n s i t y ,  temperature  and the  flow v e l o c i t y  v e c t o r  
r e s p e c t i v e l y .  No ta t ions  p‘ , T’ , and 2‘ r e p r e s e n t  small  
d e v i a t i o n s  of hydrodynamic parameters  from t h e i r  
equ i l ib r ium v a l u e s .  

Grad hydrodynamic equa t ions  [ 4 ] ,  which w i l l  soon 
a p p e a r ,  contain t h e  v i s c o s i t y  c o e f f i c i e n t  p which 
r e l a t e s  Grad hydrodynamic equa t ions  t o  t h e  Boltzmann 
e q u a t i o n .  We use t h e  r e p r e s e n t a t i o n  p ( T ) = q ( T ) T .  The 
f u n c t i o n  q ( T )  depends upon t h e  choice of t h e  c o l l i s i o n  
model i n  t h e  Boltzmann e q u a t i o n .  In p a r t i c u l a r ,  ‘peonst  
f o r  Maxwell m o l e c u l e s ,  and ‘q is  p r o p o r t i o n a l  t o  T - 1 ‘ 2  

f o r  r i g i d  s p h e r e s .  Everywhere below we u s e  t h e  s c a l e  
system with t h e  Boltzmann constant  and t h e  p a r t i c l e ’ s  
mass equa l  t o  u n i t y .  

L e t  us i n t r o d u c e  t h e  dimensionless  v a r i a b l e s  : 

0 
&T- 1 / 2 2 ’  , F P ’  /Po ,  T=T’ / T o ,  +- x - ‘ q ( T O ) - 1 T ~ 1 / 2 P 0 ~ ’  , 

f = q ( T o ) - l p o t ~  . ( 2  - 1 )  

Here 2’ r e p r e s e n t s  t h e  s p a t i a l  v e c t o r ,  and t ’  is t h e  
time . 

The l i n e a r i z e d  13-moment Grad equa t ions  have the  
fo l lowing  form i n  terms of t h e  v a r i a b l e s  ( 2  . I )  : 
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104 GORBAN AND K A R L I N  

Here and f u r t h e r  oik, where i ,k=l ,2 , 3 ,  r e p r e s e n t s  t he  
t r a c e l e s s  p a r t  of  t h e  t ens ion  t e n s o r ,  and q k ,  where 
k = 1 , 2 , 3 ,  r e p r e s e n t s  t h e  h e a t  flow v e c t o r .  Notat ion ai 
r e p r e s e n t s  t h e  p a r t i a l  d e r i v a t i v e  alax i .  In two repeated 
i n d i c e s  summation is assumed, and & is  a s m a l l  parameter 
( t h e  Knudsen number ) .  The terms which a r e  p r o p o r t i o n a l  
t o  e-l appear  from t h e  Boltzmann c o l l i s i o n  i n t e g r a l .  

The a p p l i c a t i o n  of t h e  chapman-Enskog method t o  the 
system ( 2  . 2 )  i n v o l v e s  r e p r e s e n t i n g  O i k  and qk i n  the 
form of t h e  s e r i e s :  

The c o e f f i c i e n t s  01:) and qp) a r e  ob ta ined  from the  
fol lowing r e c u r r e n t  procedure : 

o p e r a t o r s  a t ( s ) ,  where s20,  a c t  a s  f o l l o w s  : 

a j o  )++a s u s '  a j 0  )DT=- ( 2  1 3  pasus,  a.j0 'DUk=-Da, ( ~ + p  , 
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CHAPMAN-ENSKOG EXPANSION 105 

Here and f u r t h e r  D r e p r e s e n t s  an a r b i t r a r y  d i f f e r e n t i a l  

o p e r a t o r  : D=a11a22d33 ,  where li>o, and a i = l .  

According t o  ( 2  . 4 )  and ( 2 . 5 )  t$e c o e f f i c i e n t s  i n  
expansion ( 2  . 3 )  a r e  expressed a s  s p a t i a l  d e r i v a t i v e s  of 
t he  f u n c t i o n s  p ,  T ,  and U k .  

0 1 1 1  

we now i n t r o d u c e  t h e  n o t a t i o n s :  
<aiUk>=aiUk+akui-+ikas~s, 2 

The main r e s u l t  of  t h i s  s e c t i o n  i s  a s  f o l l o w s :  
c o e f f i c i e n t s  0;;) and qp) i n  expansions ( 2 . 3 )  have the 
form : 

f o r  a l l  n20. Here a, ,  b , ,  c,, d , ,  a n ,  p,, (p, and qn a r e  
t h e  numerical  c o e f f i c i e n t s  . 

We r e p r e s e n t  a s k e t c h  of a proof by i n d u c t i o n .  
Immediate c a l c u l a t i o n s  show : 

O i + r i k p + ( l / 2 ) r .  i k  T ,  qb')=-(13/4)akasu,+(3/2)A~k. ( 2  . 8 )  

A f t e r  t ak ing  i n t o  account  0;;) and 41') ( 2 . 4 ) ,  we s e e  
t h a t  t he  s t a t e m e n t  ( 2 . 7 )  is proved for  n=o. L e t  t h e  
s t r u c t u r e  ( 2  . 7 )  b e  s e t  f o r  a c e r t a i n  n>O. Then f o r  n + l  
we have 
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106 GORBAN AND K A R L I N  

I t  is  obvious t h a t  t h e  s t r u c t u r e  o f  t h i s  expression 
c o i n c i d e s  wi th  t h e  the  s t r u c t u r e  of t h e  corresponding 

c o e f f i c i e n t  o j y )  i n  ( 2 . 7 ) .  I t  is easy t o  check t h a t  the 

, g i 2 m )  and qk (2m+1) a l s o  have the c o e f f i c i e n t s  0ik 

s t r u c t u r e  ( 2  .7). 
The break of t h e  s e r i e s  ( 2  . 3 )  a t  some c e r t a i n  n>,o 

y i e l d s  a c losed s e t  with r e s p e c t  t o  p ,  T I  u k .  The 
s t a t i o n a r y  s o l u t i o n  of t h i s  s e t  for n=2m is obtained 
from e q u a t i o n s  : 

( 2 M t l )  

(A )p + B~ (A )T= o , cm (A )p + D ~  (A IT= o , a p i =  o , 

2 P + l d P + l  
B(A >= c Bp& , 

P O  

( 2  . l o )  

F o r  n . -Zm+l  s t a t i o n a r y  equa t ions  a r e  obtained from 
equa t ions  ( 2 . 1 0 )  by r e p l a c i n g  m-1 w i th  m i n  the 
o p e r a t o r s  C,(A) and D,(A).  

For n = O  ( t h e  Navier-Stokes approximation ) the  
s t a t i o n a r y  equa t ions  a r e  : 

( 2 . 1 1 )  2 A T = o ,  A p = o ,  8 u = o ,  A u k = o .  s s  
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CHAPMAN-ENSKOG EXPANSION 107 

These equa t ions  r e s u l t  i n  degene ra t ion  of t he  
time-independent Chapman-Enskog expansion ( 2  .7) : t he  

only non-zero terms a r e  q d O ) ,  q f ) ,  ~ j i ) ,  02;) and o!;t'. 
Due t o  t h e  e q u a l i t y  

t h e  account of t h e  terms o j j ) ,  oik and q d l )  d o e s  n o t  
change e q u a t i o n s  (2 .11). T h i s  degene ra t ion  of  t he  
Chapman-Enskog s e r i e s  was obtained r e c e n t l y  by V . S .  

Galkin [ 7 ]  f o r  t h e  l i n e a r i z e d  Boltzmann e q u a t i o n .  
In a non-stat ionary c a s e ,  t h e  break of t h e  s e r i e s  

( 2  . 3 )  f o r  a r b i t r a r y  f i n i t e  o rde r  n>O can result i n  
short-wave i n s t a b i l i t y  of  t h e  equ i l ib r ium p o i n t ,  a s  i t  
was shown i n  [ 2 ]  f o r  m i  and - 2 .  A s  i t  was mentioned i n  
the  I n t r o d u c t i o n ,  an account of a l l  t h e  o r d e r s  i n  the 
Chapman-Enskog expansion is necessary . Expression ( 2  . 9 )  

shows t h a t  t h e  r e c u r r e n t  procedure ( 2  . 4 )  f o r  ob ta in ing  
numerical  c o e f f i c i e n t s  ( 2 . 7 )  is r a t h e r  complicated . In 
t h e  n e x t  s e c t i o n  we in t roduce  a method of consecut ive 
approximations of equa t ions  ( 2  . 4 ) .  T h i s  method 
approximates the  s e r i e s  ( 2 . 3 )  i n  who le .  

3 . APPROX IMAT I O N S  OF THE CHAPMAN-ENSKOG E X P A N S I O N  

Our approximation of the  chapman-Enskog r e c u r r e n t  

F i x  an a r b i t r a r y  i n t e g e r  k o ,  where k o 2 1 .  Equat ions 
system ( 2  . 4 )  is a s  f o l l o w s .  

( 2  . 4 )  a r e  replaced by : 

-$ikasqs (n -1 ) ) )  , where n=o , . . . ,k ; 
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GORBAN AND KARLIN 108 

a n d ,  by a n a l o g y ,  f o r  qp) .  The o p e r a t o r s  a p ) ,  where 
s=o , . . . ,  k o - l ,  a r e  de f ined  according t o  ( 2 . 5 ) .  T h u s ,  we 
r e s t r i c t  o u r s e l v e s  t o  a f i n i t e  s e t  of o p e r a t o r s  a?) 
according t o  t h e  choice of k , .  T h e r e f o r e ,  a l l  terms up 
t o  t h e  ko-th o r d e r  i n  expansion ( 2  . 3 )  a r e  taken i n t o  
account w i t h o u t  any " c u t - o f f s " ,  and a l l  of t he  o t h e r  
terms with k>ko a r e  approximated. F o r  k O + m  t h e  system 
( 3  .I) c o i n c i d e s  wi th  t h e  system ( 2 . 4 ) .  one  can prove 
t h a t  t h e  system ( 3  . I )  p r e s e r v e s  t h e  s t r u c t u r e  of ( 2  .7). 

The approximation introduced r e s u l t s  on ly  i n  a changing 
of t h e  v a l u e s  of  numerical  c o e f f i c i e n t s  a,, b , ,  c,, d, ,  

Genera l ly  s p e a k i n g ,  t he  e q u a t i o n s  ( 3  .1 )  a r e  
s i m p l e r ,  than t h e  system ( 2  . 4 ) .  In some c a s e s  equa t ions  
( 3 . 1 )  can b e  solved e x a c t l y .  The l a s t  s t e p  of the 
algori thm c o n s i s t s  of summing t h e  s e r i e s  ( 2 . 3 )  with 
approximate c o e f f i c i e n t s  ( 3  . I ) .  

The p rocedure  introduced h e r e  is of  a r e c i p e  
c h a r a c t e r .  We c a l l  t h i s  method " r e g u l a r i z a t i o n  " f o r  
s h o r t .  Now we w i l l  consider  some examples of i ts 
app l i c a  t i o n  . 

We s t a r t  w i t h  the s imples t  c a s e  o f  l i n e a r i z e d  
one-dimensional lo-moment Grad e q u a t i o n s  : 

a, P,' (Pn and 9, 

atr=--a L U ,  
afp=-axu , 3 x  

( 3  * 2 )  

Here (5 r e p r e s e n t s  t h e  xx-component o f  t h e  t e n s o r  o i k ,  
and x r e p r e s e n t s  t h e  one-dimensional c o o r d i n a t e .  

atu=-ax ( T + P + O ) ,  ato=-3axu-&-1a 4 . 
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CHAPMAN-ENSKOG EXPANSION 109 

F i x  ko= 1 , and i n t r o d u c e  v a r i a b l e s  u and e=T+p.  In 
t h i s  ca se  t h e  approximate r e c u r r e n t  procedure ( 3  .I) is : 

0 (0 u , 0 ( 1 )=-a (0 10 (0 1 0 (n (0 10 (n-1) , n 3 2  
3 x  t t 

aJo )eE+ , aJO)u=-a,e * ( 3  . 3 )  

The s t r u c t u r e  of c o e f f i c i e n t s  cI(~) ( 3 . 3 )  is a s  f o l l o w s :  

( 3 . 4 )  
( 2 n +  1 )-b - a 2n+ 2e 0 

C o e f f i c i e n t s  an and bn a r e  determined by t h e  r e c u r r e n t  
r u l e  : 

n x  
0 ( 2 n  )=a a 2 n +  1u 

n x  

5 4 a =bn,  an+ l=3an , a o= -3 n 
From ( 3 . 4 )  and ( 3  . 5 )  we o b t a i n  : 

( 3  -5) 

S 2 n  4 2  (-8 (-+,e). ( 3  . 6 )  0 -($,) ( - 3 a p )  * 3 x  
(2n)- 5 2 n 4 

to 
Summing t h e  s e r i e s  C &n+lo(n) with c o e f f i c i e n t s  ( 3 . 6 )  

y i e l d s  : 
n= o 

( 3  -7) 

The expres s ion  CT1 r e p r e s e n t s  t h e  B u r n e t t  approximation 
Oof t h e  nonequi l ibr ium t ens ion  t e n s o r  0. 

2 2  (&axu+& axe ) . 5 2 2 -1 O I R = R I O 1  , R1= (1-3& 0,) , G1=-3 

F i x  k0=2 . In t h i s  case e q u a t i o n s  ( 3  . 1 )  a r e  : 

(J(O>=-Qa u ,  O ( l ) = - q ) O ( o )  ( J ( 2 > = - a ( O ) o ( ' )  (l)o(O), 
3 x  t -at 

0 (n )~ -a (O)0(n - ' ) -a ( ' )0 (n - ' ) ,  f o r  n>3,  
t . t  

c o e f f i c i e n t s  i n  ( 3  . 8 )  have t h e  form ( 3  . 4 ) .  

c o e f f i c i e n t s  an and bn a r e  d e f i n e d  by a r e c u r r e n t  
procedure which is  obtained from ( 3 . 5 )  by s u b s t i t u t i n g  
1 / 3  i n s t e a d  of  5 1 3 .  T h i s  r e s u l t s  i n :  

( 3  - 9 )  
1 2  2 - 1  R =(l--j& ax ) . a2R=R20 1 , 2 
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The super-Burnett  approximation o2 h a s  t h e  form : 

( 3  . l o )  4 3 3  02=o l-7je axu . 

Note t h e  appearance of t h e  non-local o p e r a t o r s  R1 and R 2  
i n  hydrodynamics e q u a t i o n s .  

s u b s t i t u t i n g  IS('), o l ,  o l R ,  o2 and G2R i n s t e a d  of o 
i n t o  t h e  e q u a t i o n s  

at u=-ax (e+o , (3 .11) ate=-?axu, 5 

then u s i n g  t h e  v a r i a b l e s  t "= t I&  and x " = x i E  , and a l s o  
u s i n g  t h e  r ep resen  t a t i o n  

U=U l~ , e=e p, p e x p  (wt "+ikx" ) , ( 3  - 1 2 )  

we o b t a i n  d i s p e r s i o n  r e l a t i o n s h i p s  o ( k )  f o r  s o n i c  waves.  
These r e l a t i o n s h i p s  a r e  : 

w ~ , ~ = - ?  2 + k ( 3 k  4 2 3) 5 1 1 2  
3k - 

f o r  t h e  Navier-Stokes approximation o(O) ; 

2 + k ( 3 k  4 2 5 - 7 ( 1 + - k  4 2 ) )  112 9 w 1  ,2=-- 3k - 

( 3  . 1 3 )  

( 3  . 1 4 )  

f o r  t h e  B u r n e t t  approximation o l ;  

( 3 . 1 5 )  2 k 2  k 7 S k 4 + 4 1 k 2 + 1 5  
w1 , 2 = 3 + s k 2  '% (2 5 k 4 + 3  0k2+9 3 

f o r  t h e  r e g u l a r i z e d  Burne t t  approximation C T I R  ; 

w1 ,2- 9 1  ' I 2  ( 3  .16) --$k2 (k2-  3 )+ {- 1 ( 4 k 4  ( 3 - k 2  ) 2 - 4  sk 2 2  ( 4 k  + 3 ) ) 1 

f o r  t h e  super-Burnet t  approximation o2 ; 

2 k 2  .k 1 0 0 k 4 + 3 1 2 k 2 + 1 8 0  

3 + k  '''I 3 k 4 +  1 8 k 2 + 2 1  3 o1 ,2=-- ( 3  . 1 7 )  

f o r  t h e  r e g u l a r i z e d  super-Burnett  approximation 02R . 
Dispe r s ion  cu rves  f o r  t h e  B u r n e t t  approximation 

( 3 . 1 4 )  (dashed l i n e )  and f o r  t h e  r e g u l a r i z e d  Burne t t  
approximation ( 3 . 1 5 )  (smooth l i n e )  a r e  shown i n  F i g . l .  
T h e  d i r e c t i o n s  of t h e  arrows i n d i c a t e  i n c r e a s e s  of  the 
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CHAPMAN-ENSKOC EXPANSION 111 

\ 

I m  u 

wave v e c t o r  square k2. Dispersion curves f o r  the  
super-Burnett approximation ( 3  . 1 6 )  (dashed l i n e )  and f o r  
the regular ized super-Burnett approximation ( 3  .17) 
(smooth l i n e )  are  depicted i n  F i g  . 2 .  Regular izat ion 
removes short-wave i n s t a b i l i t y  of the super-Burnett 
approximation ( 3  . 1 6 ) .  

The n e x t  example i s  the one-dimensional var iant  of 
the 13-moment system ( 2  . 2 ) .  The Burnett approximation is 
a s  f o l l o w s :  

( 3  . 1 8 )  4 4 2 2  2 2 2  1 5  I 2 2  o 1 - 3  ---&a x u--e 3 a x pi-+ a,T , q,=-4mxz---Tje a,u . 
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-2 

Cm 0 

\ 
\ 

‘t 

Fig. 2 

s u b s t i t u t i n g  t h e  e x p r e s s i o n  ( 3  .18) i n t o  t h e  one- 
d i m e n s i o n a l  e q u a t i o n s  ( 2 . 2 ) ,  we o b t a i n  t h e  d i s p e r s i o n  
e q u a t i o n  : 

1 8 0  3+ 6 90 2k2+~k2 ( 3 O+ 9 7k2- 1 4k4 )t 1 5k4 ( 3+k2 )= 0 . ( 3 . 1 9 )  

E x a c t l y  i n  t h i s  c a s e ,  short-wave i n s t a b i l i t y  was 
d e t e c t e d  i n  [ 2 ] .  

F i x  ko=l  i n  t h e  one-dimensional  v a r i a n t  of 
e q u a t i o n s  ( 3  .1). Then t h e  approximate  r e c u r r e n t  sys tem 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
n
i
v
e
r
s
i
t
y
 
o
f
 
C
a
m
b
r
i
d
g
e
]
 
A
t
:
 
1
0
:
5
8
 
1
0
 
S
e
p
t
e
m
b
e
r
 
2
0
1
0



CHAPMAN-ENSKOG EXPANSION 

s= 

113 

1 -811.5 0 2 1 3  1 - 8 1 1 5  

1 0 -8115 , L= - 3 1 2  0 3 I 2  

- 3 1 2  1 3 I 2  0 - 3 1 2  3 1 2  

( 3 . 1 )  t a k e s  t h e  fo rm:  

and f o r  ko=l  t h e  approximate e q u a l i t i e s  a r e  e x a c t .  In 
t h e  one-dimensional case t h e  s t r u c t u r e  ( 2 . 7 )  i s  a s  
f o l l o w s  : 

3 I t  is u s e f u l  t o  in t roduce  the  o b j e c t s  : t h e  space X=R 

i n c l u d i n g  t h e  v e c t o r s  xn with components (a ,  ,bn ,qn) ; t he  
space Y = R 3  i n c l u d i n g  t h e  v e c t o r s  y ,  with components 
(cn,an,p,). From equa t ions  ( 3 . 2 0 )  we o b t a i n  a v e c t o r  
analog o f  s c a l a r  e q u a t i o n s  ( 3 . 5 ) :  

( 3 . 2 2 )  4 1 5  x n = s y n ,  Y n + l = L x n .  Yo' (3, 4 9 0) I 

( 3  . 2 3 )  

The s o l u t i o n  of t h e  equa t ions  ( 3 . 2 2 )  is a s  f o l l o w s :  

K = L S  . ( 3  . 2 4 )  n xn=sK"uo,  Yn=K Y o  2 

The n e x t  s t e p s  of r e g u l a r i z a t i o n  invo lve  no th ing  new i n  
comparison with t h e  examples suggested above.  F i n a l l y  we 
o b t a i n  : 

( 3  . 2 5 )  
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-4,4 

t 

I 

-++- 4,3 R e o  

A 
/ I 

/ 

Fig. 3 

Here P r e p r e s e n t s  t h e  p r o j e c t o r  on t h e  a p p r o p r i a t e  a x i s  
i n  t h e  space  X o r  i n  t h e  space  Y ( e . g .  P,y,=c,). The 
d i s p e r s i o n  equa t ion  f o r  t h e  approximation ( 3  . 2 5 )  is 
r a t h e r  compl i ca t ed ,  and t h e r e f o r e  i t  is  n o t  represented 
h e r e .  D i spe r s ion  cu rves  f o r  t h e  Burne t t  approximation 
( 3 . 1 8 )  (dashed l i n e )  and f o r  t h e  r egu la r i zed  B u r n e t t  
approximation ( 3  . 2 5 )  (smooth l i n e )  a r e  dep ic t ed  i n  

I.L 
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Fig . 3 .  on ly  a c o u s t i c  b ranches  a r e  shown d i f f u s i v e  
branches f o r  both of  t h e  approximations ( 3 . 1 8 )  and 
( 3  . 2 5 )  a r e  p r a c t i c a l l y  t h e  same 1 

F i n a l l y ,  we i n t r o d u c e  the  r e s u l t  of r e g u l a r i z a t i o n  
of t h e  B u r n e t t  approximation ( k o = l )  f o r  equa t ions  ( 2  . 2 )  : 

0 l R i k = P c R  ,J’ OE<aiUk>+PdR ,y0h- lr ikEd,U,+p,SR ,y oE 2 r i k P +  

+PbSR ,J’ oE 2 r i k T  , 

4 lRk‘paR 1.Y oEakP+PpR iJ’OEakT+PqSR 1J’ QE 2akasUs+P+SR ,Y OE 2AUk 9 

( 3  . 2 6 )  2 1 1 5  R 1 = ( I - E  S L A ) -  y o = ( O ,  - 1 ,  0, -7) 

when o b t a i n i n g  expression ( 3  . 2 6 )  we used 
four-dimensional  v e c t o r s  xn= (a, b , ,  ‘pn, qn) and yn= (dn, 
c , ,  an ,  p,). The analogous r e p r e s e n t a t i o n  was used i n  
t h e  p r e v i o u s  example. No ta t ions  S and L r e p r e s e n t  t h e  

s= 
1 1 - 2 1 5  0 

1 1 0 - 2 J 5  

- 2  - 1 1 2  3 1 2  1 

0 - 3 1 2  0 0 

1 3 1 2  2 1 5  0 

0 0  0 2 1 5  

- 2  0 3 1 2  3 1 2  

0 - 2  3 1 2  3 1 2  

4 .  CONCLUSIONS 

. ( 3 . 2 7 )  

The method of r e g u l a r i z a t i o n  introduced i n  s e c t i o n  
3 ,  is based on i d e a s  of t h e  Pade approximations [ 8 ]  and 
on p a r t i a l  summing of s e r i e s .  One cannot p r e d i c t  whether 
o r  n o t  t h i s  method indeed r e s u l t s  i n  s t a b i l i t y  of t h e  
wave spec t rum.  T h i s  s i t u a t i o n  is t y p i c a l  f o r  t h e  methods 
which use t h e  Pade approximations.  A number of cur ious  
examples a r e  c o l l e c t e d  i n  t h e  monograph [ g ] .  

The examples suggested i n  s e c t i o n  3 p r e d i c t  limit 
of t h e  decrement i n  short-wave a sympto t i c .  
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116 GORBAN AND KARLIN 

For t h e  l i n e a r i z e d  Grad e q u a t i o n s  one can approach 
t h e  problem of t h e  wave spectrum s t a b i l i t y  wi thou t  any 
break of t h e  sequence of t h e  o p e r a t o r s  a ? ) .  F o r  
example,  i n  the case  of t h e  10-moment equa t ions  the  
r e g u l a r i z e d  s t r e s s  t enso r  onR can b e  supposed t o  b e  a s  
f o l l o w s  : 

2 2 The symbols of  t h e  o p e r a t o r s  Fin(-k ) and F z n ( - k  ) 

a r e  d e f i n e d  a s  t h e  s e r i e s  i n  powers of - k 2 .  The f i r s t  n 
c o e f f i c i e n t s  of t h e s e  s e r i e s  a r e  g i v e n .  The r e s t  of t he  
c o e f f i c i e n t s  a r e  de f ined  according t o  a more or less 
complicated r e c u r r e n t  r u l e .  The f u n c t i o n s  F l n ( - k 2 )  and 
F Z n ( - k 2 )  are i n s e r t e d  i n t o  t h e  d i s p e r s i o n  e q u a t i o n .  we 
have t o  c o n s t r u c t  an approximation of t h e  f u n c t i o n s  
F l n ( - k  ) and F Z n ( - k  ) s o  t h a t  t h i s  approximation would 
p r e s e r v e  t h e  given segment of t h e  Tay lo r  s e r i e s ,  and so 
t h a t  t h e  H-theorem w i l l  b e  v a l i d .  

The dependence of  t h e  f u n c t i o n s  F I n ( 8 i )  and ~ ~ ~ ( d : )  

only on a, is t h e  resu l t  of t he  s imple s t r u c t u r e  ( 2 . 7 )  
and ( 3  . 4 ) .  The fo rma l  t r a n s f e r  of t h e  procedure ( 3  .I) t o  
t he  n o n l i n e a r  Grad e q u a t i o n s  is  n o t  d i f f i c u l t .  However, 
i n  t h i s  c a s e  one cannot o b t a i n  any s imple  s t r u c t u r e  
similar t o  ( 2  . 7 )  and ( 3  . 4 ) .  N e v e r t h e l e s s ,  one can s e l e c t  
some of  t h e  similar summands i n  every term o f  expansion 
(e .g . , t h e  maximal n o n l i n e a r  terms (a ,u)"+ ' ) .  The 
r e g u l a r i z a t i o n  i n  t h i s  c a s e  can e l i m i n a t e  t h e  
nonphysical  "nega t ive  v i s c o s i t y  " of  t h e  B u r n e t t  
app rox ima t ions .  Another paper  w i l l  b e  devoted t o  t h e s e  
p rob lems .  

A f t e r  t h i s  pape r  was p r e p a r e d ,  we learned t h a t  a 
similar approach was developed r e c e n t l y  by a group of 
mathematicians f o r  t h e  r e g u l a r i z a t i o n  of s e m i - c l a s s i c a l  
expansion f o r  t he  sch roed inge r  equat ion [9 -12  1 .  

2 2 

2 
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