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ABSTRACT 

An e x p r e s s  method t o  approximate  t r a j e c t o r i e s  of  space -  
i ndependen t  k i n e t i c  e q u a t i o n s  is developed .  I t  i n v o l v e s  
a two-s tep  t r e a t m e n t  o f  r e l a x a t i o n  th rough  a q u a s i -  
e q u i l i b r i a  l o c a t e d  on a l i n e  emerging from t h e  i n i t i a l  
s t a t e  i n  t h e  d i r e c t i o n  p r e s c r i b e d  by t h e  k i n e t i c  
e q u a t i o n .  A t e s t  f o r  t h e  Boltzmann e q u a t i o n  shows t h e  
v a l i d i t y  o f  t h e  method. 

1 - I NTRODUCTI ON 

I n  t h i s  paper  we i n t r o d u c e  a new method of 
c o n s t r u c t i n g  approx ima te  t r a j e c t o r i e s  f o r  space -  
i ndependen t  k i n e t i c  e q u a t i o n s  conf i rming  t o  t h e  second 
law o f  thermodynamics.  c l a s s i c a l  examples  a r e  t h e  space -  
i ndependen t  Boltzmann e q u a t i o n  and chemica l  k i n e t i c s  
e q u a t i o n s  for c l o s e d  homogeneous sys tems.  T h i s  f a m i l y  of 
k i n e t i c  e q u a t i o n s  is  c h a r a c t e r i z e d  by t h e  f o l l o w i n g  
g e n e r a l  p r o p e r t i e s :  

(1). There  e x i s t s  a s e t  of f u n c t i o n s  which remain 
c o n s t a n t  on a s o l u t i o n  ( t h e s e  a r e  d e n s i t y ,  momentum and 
ene rgy  i n  c o n t e x t  of t h e  Boltzmann e q u a t i o n ) .  
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272 GORBAN, KARLIN, AND ZMIEVSKII 

(ii). There  e x i s t s  a convex f u n c t i o n  which mono- 
t o n i c a l l y  d e c r e a s e s  a l o n g  any s o l u t i o n  from i t s  v a l u e  i n  
t h e  i n i t i a l  s t a t e  t o  an a b s o l u t e  minima i n  t h e  f i n a l  
e q u i l i b r i u m  s t a t e  ( t h i s  i s  t h e  H-theorem f o r  t h e  Bo l t z -  
mann e q u a t i o n ) .  

U s u a l l y  we do  know o n l y  t h e  i n i t i a l  and t h e  f i n a l  
( e q u i l i b r i u m )  s t a t e s ,  and t h e  k i n e t i c  e q u a t i o n  n e i t h e r  
can be s o l v e d  e x a c t l y ,  no r  c o n t a i n s  sma l l  p a r a m e t e r s  t o  
d e v e l o p  a r e l i a b l e  p e r t u r b a t i o n  theo ry .  s t i l l ,  we would 
l i k e  t o  g e t  ( p e r h a p s  a r a t h e r  rough b u t  a s i m p l e )  appro-  
x ima t ion  of  t h e  r e l a x a t i o n  t r a j e c t o r y .  

To  b e  c e r t a i n ,  we w i l l  s peak  abou t  t h e  Boltzmann 
e q u a t i o n .  Denote as f ( v ,  f )  a one-body d i s t r i b u t i o n  func -  
t i o n ,  where v i s  v e l o c i t y  of  a p a r t i c l e ,  and f is t h e  
time. The dynamics of f ( v ,  t )  i s  governed by t h e  space -  
i ndependen t  Boltzmann e q u a t i o n  

a f (v7  " = Q ( f )  

a t  
Here O(f) is  t h e  Boltzmann c o l l i s i o n  i n t e g r a l  [ I ] .  In- 
d e p e n d e n t l y  of' a s p e c i f i c  c h o i c e  of  o p e r a t o r  Q( f ) ,  equa- 
t i o n  ( 1 .  1)  h a s  t h e  f o l l o w i n g  p r o p e r t i e s  r e f l e c t i n g  f e a -  
t u r e s  ( i )  and (ii): 

(1). For  any a,  b, and c, and f o r  any f p r o v i d i n g  
e x i s t e n c e  of  i n t e g r a l s ,  we have ( c o n s e r v a t i o n  l aws) :  

( 1 . 2 )  
2 3 ( a + b * v + c v  ) O ( f  )d '  v=O 

(ii).  Denote a s  Ho(f) t h e  s p a c e  of  l i n e a r  

f u n c t i o n a l s  f ( a + b * v + c v - ) f d  v. symbol (modHo( f ) )  w i l l  
i n d i c a t e  t h a t  a n  e x p r e s s i o n  is v a l i d  w i t h i n  t h e  accu racy  
of  add ing  a f u n c t i o n a l  from HO(f). For  any f u n c t i o n a l  

H(f ) >  

7 3  

H(f)= f l n f d 3 v  (modHo( f ) )  ( 1 . 3 )  s 
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SPACE-INDEPENDENT RELAXATION 273 

t h e  f o l l o w i n g  i n e q u a l i t y  t a k e s  p l a c e  ( t h e  H-theorem): 

O(f)= J o( f ) ln fd3v 'o  ( 1 .  4) 

Express ion  O ( f )  ( 1 .  4 )  is  c a l l e d  t h e  H-funct ion 
p r o d u c t i o n  i n  t h e  s t a t e  f, and i t  i s  equa l  t o  z e r o  o n l y  
f o r  faAexptcv  + b * v }  ( c < o ) .  

I n i t i a l  c o n d i t i o n  t o  e q u a t i o n  (1 .  1 )  w i l l  be denoted  
as f o ( v ) ,  i. e. f ( v ,  O ) = f  ( v ) .  F u r t h e r  we sometimes omit  
t h e  dependence on v. w i t h  no r e s t r i c t i o n ,  we assume t h a t  
t h e  i n i t i a l  s t a t e  s a t i s f i e s  t h e  c o n d i t i o n s :  

2 

0 

( 1 .  5 )  

Conse rva t ion  laws ( 1 .  2 )  and t h e  H-theorem ( 1 .  4 )  

r e s u l t  i n  t h e  f o l l o w i n g  p r o p e r t i e s  of  s o l u t i o n s :  
( i ) .  A t  each  t ime f r o ,  s o l u t i o n  P ( v ,  t )  which comes 

from o u t  t h e  i n i t i a l  s t a t e  rO,  s a t i s r i e s  t h e  e q u a l i t i e s :  

f ( V, t )vd'  3 v = O ,  P ( v ,  t )v2d3v=3 s 1 f ( v ,  t ) d - v = l ,  s 
(ii).  For f - m ,  s o l u t i o n  f ( v ,  f )  t e n d s  t o  t h e  

0 e q u i l i b r i u m  s t a t e  which i s  t h e  Maxwell d i s t r i b u t i o n  r,: 

f 0 = ( 2 R )  - 3  1 2  exp [ -+v 23 B ( 1 .  6 )  

T h i s  tendency i s  accompanied w i t h  a monotonic d e c r e a s e  
of v a l u e s  of  t h e  H-funct ion  H ( f )  

I f = f ( V .  f 1: 

I G o ,  
f = f ( V ,  t )  

dH 0 and T O  o n l y  f o r  f, ( 1 .  6 ) .  

A s e t  of  s t a t e s  f which t h e  s o l u t i o n  [(v,  f )  s p a n s  
as t runs  from z e r o  t o  i n f i n i t y ,  w i l l  be c a l l e d  t h e  
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274 GORBAN, KARLIN, AND ZMIEVSKII 

t r a j e c t o r y .  In  t h i s  pape r  we w i l l  c o n s i d e r  t h e  
t r a j e c t o r i e s  a s  g e o m e t r i c a l  o b j e c t s ,  r e g a r d l e s s  of a t  
what t ime t h e  s o l u t i o n  comes t o  t h e  s t a t e s  on t h e  
t r a j e c t o r y .  Le t  u s  c o n s i d e r  a more c o n v e n i e n t  s t a n d a r d  
r e p r e s e n t a t i o n .  

A c o n t i n u o u s  immersion of  t h e  segment OSasi i n t o  
t h e  phase  space ,  at+f(v,a), w i l l  be  c a l l e d  a 
thermod.ynamicaI1.y admissible pafh from f, to f ,  ( T A P  

[ 2 ]  i f  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s f i e d :  

0 

f ( v * a ) l  a= 0 =fo 
( 1 .  7 

H(f ( a ’  ) > H ( f  ( a ”  ) ), i f  a‘ <a” ( 1 .  1 0 )  

Roughly s p e a k i n g ,  TAP i s  a ” s t r i n g ”  i n  t h e  phase  
s p a c e  j o i n i n g  t h e  s t a t e s  f, and fi. The i n i t i a l  t i p  of  
TAP (a=O) is t h e  d i s t r i b u t i o n  f,, t h e  f i n a l  t i p  ( a = i )  is 
t h e  Maxwell f u n c t i o n  fi. c o n d i t i o n  (1 .  9 )  e x p r e s s e s  t h e  
c o n s e r v a t i o n  of t h e  f i r s t  f i v e  moments a l o n g  t h i s  
s t r i n g .  c o n d i t i o n  (1 .  1 0 )  conforms t o  t h e  second law of  
thermodynamics: t h e  motion a long  t h e  TAP from t h e  
i n i t i a l  t i p  t o  i t s  f i n a l  t i p  s h o u l d  be accompanied wi th  
t h e  decay  of t h e  H-funct ion.  

One of t h e  TAPS r e p r e s e n t s  t h e  t r a j e c t o r y  of  
s o l u t i o n  t o  e q u a t i o n  ( 1 .  1 )  wi th  t h e  i n i t i a l  c o n d i t i o n  

f,, and any approx ima t ion  of t h e  t r a j e c t o r y  s h o u l d  be a 

Our g o a l  i s  t o  c o n s t r u c t  t h e  s i m p l e s t  approx ima t ion  
o f  a t r a j e c t o r y  conforming w i t h  r e q u e s t s  ( I .  7 ) - ( i .  l o ) ,  

TAP. 
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SPACE-INDEPENDENT RELAXATION 275 

and using only the function Q(f,). We will follow the 
two objectives: 

1. within some time after t = o ,  there occurs a 
relaxation directed essentially along the vector Q(f,). 
In the end of this process the system comes to an 
intermediate state f , such that f -f, 0: Q(f,), and 

2. Next there occurs a rectilinear relaxation from 
the state f a  towards the equilibria fi, 

In other words, we imply a two-step picture of 
relaxation. The first step is a relaxation from the 
initial state f, into an intermediate state f* along the 
straight line emerging from f, and directed along #(f,). 
The second step is a relaxation along the straight line 
which connects the state f* with the Boltzmann 
equilibria f,. The second step represents a trajectory 
of the Bhatnagar-Gross-Krook (BGK) model kinetic 
equation [ 3 ]  with f* f o r  the initial condition. 
The #-theorem and conservation laws are valid for 
BGK-model, so the second step satisfies conditions 
(1. 8 ) ,  ( 1 .  9 ) ,  and ( 1 .  10). 

The main difficulty is to derive the intermediate 
state f*. Namely, f* should represent a physical state 
(i.e. it should be a non-negative function), and the 
H-function should monotonically decay along the linear 
segment which connects f, with f (condition ( 1 .  9) will 
be obviously satisfied on this segment due to ( 1 . 2 ) ) .  ~f 
we have constructed such state f , then the two-step 
approximation (TS) has the form: 

* * 

0 

* 

k 

a 
( 1-za)fo+2af , f o r  O5a51/2 

2(1-a)f +(2a-1)fg , for 1/2(as1 
(1. 1 1 )  

* 0 
fT,(a) = 

Here we have taken fTS(1/2)=f*, without any restriction. 
our goal is to derive a physical state f on the line 

* 
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276 GORBAN, KARLIN, AND ZMIEVSKII 

fo+zo(f,) so that conditions ( 1 .  7) and ( 1 .  1 0 )  should be 
satisfied for fTS(a) ( 1 .  1 1 )  a s  variable a spans the 
segment [ 0, 1 / 2 1. 

In the next section we will derive the state f* as 
an equilibrium state of a new satellite kinetic 
equation, and we will develop an approximate method of 
calculating this state. In section 3 we will compare the 
results of TS approximation with the exact 
Bobylev-Krook-Wu solution of equation ( 1 .  1 ) f o r  Maxwell 
molecules. Section 4 contains some remarks on a further 
development of this approximation technique. 

2. MARCELIN - DE DONDER EQUILIBRIA 

2. 1. Marcelin - De Donder Kinetic Equation 

In this section we introduce a model kinetic 
equation which has a rectilinear trajectory running in 
the direction Q ( f o ) ,  and satisfying the conditions 
( 1 .  7 ) ,  ( 1 .  9 ) ,  and ( 1 .  l o ) .  This involves a representation 
of the function o(fo) as a sum of positive and negative 
parts. Treating Q(f,) a s  a function in v, we have: 

Qp={:; 

(-0 

In other words, 
density” income into the state f,, 
of probability density expenditure from the state f,. 

function Qp is the rate of “probability 
while oa is the rate 

Given the partition ( 2 . 1 ) ,  we consider an equation 
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SPACE-INDEPENDENT RELAXATION 277 

af 
at 
-=k [Op-Oa] { exp u o a l n f  d v] - exp u O p  1 nfd  v 

Here k is an a r b i t r a r y  p o s i t i v e  c o n s t a n t .  
TO e x p l a i n  e q u a t i o n  ( 2 .  z ) ,  l e t  u s  t u r n  t o  n o t i o n s  

of  chemica l  k i n e t i c s .  Vec to r  Q ( f , )  d e t e r m i n e s  a 
p r e v a i l i n g  d i r e c t i o n  of r e l a x a t i o n  i n  t h e  s p a c e  of 
s t a t e s  f d u r i n g  some " s h o r t '  t ime a f t e r  t h e  b e g i n n i n g  of  
r e l a x a t i o n  i n  t h e  i n i t i a l  s t a t e  f,. Dynamics w i t h i n  t h i s  
p e r i o d  can  be c o n s i d e r e d  f o r m a l l y  as a "chemica l  
r e a c t i o n " ,  and v e c t o r  Q(f,)  can be  i n t e r p r e t e d  as a 

" s to i ch iome  t r i c  v e c t o r  of r e a c t i o n  'I. Represen t  a t  i o n  
( 2 .  1 )  c o r r e s p o n d s  t o  a s e l e c t i o n  of  " s t o i c h i o m e t r i c  
c o e f f i c i e n t s T '  of t h e  income and of t h e  e x p e n d i t u r e  of 
some c o n v e n t i o n a l  " s u b s t a n c e s " .  

R e c a l l  [ 4 ]  t h a t ,  f o r  N s u b s t a n c e s  A , , .  . . , AN, a 

s t o i c h i o m e t r i c  e q u a t i o n  of r e a c t i o n  is: 

a 1 1  A +. . . +aNAN - i 3 1 ~ 1 + .  . . + B N ~ N  ( 2 . 3 )  

Non-negat ive numbers a. and p i  a r e  r a l l e d  
s t o i c h i o m e t r i c  c o e f f i c i e n t .  N-dimensional v e c t o r  w i th  
components ri=pi-ai is  c a l l e d  t h e  s t o i c h i o m e t r i c  v e c t o r  
o f  r e a c t i o n  ( 2 .  3 ) .  

I n  ou r  case ,  t h e  " s u b s t a n c e  number" i s  t h e  v e l o c i t y  
v, and " t h e  amount o f  s u b s t a n c e  wi th  t h e  number v" is 
t h e  v a l u e  of  d i s t r i b u t i o n  f i n  t h e  p o i n t  v. 

D e r i v a t i o n  of chemica l  k i n e t i c s  e q u a t i o n s  i n v o l v e s  
a concep t  of  r e a c t i o n s  r a t e s .  For  s t o i c h i o m e t r i c  
e q u a t i o n  ( 2 .  3 ) ,  t h e  r a t e  of  r e a c t i o n  i n  t h e  c o n t e x t  of 
Marce l in  - De Donder k i n e t i c s  [ 4 , 5 ]  is: 

1 

( 2 .  4 )  

Here pi=-kB'(ds(n l , . . . . n N ) l a n i )  is t h e  d i v i d e d  by kgT 
chemica l  p o t e n t i a l  of t h e  i - t h  chemica l  k ind  (k, i s  t h e  
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278 GORBAN, KARLIN, AND ZMIEVSKII 

Boltzmann c o n s t a n t ,  T is t h e  t e m p e r a t u r e ) ,  i. e. pi i s  
p r o p o r t i o n a l  t o  t h e  d e r i v a t i v e  of  t h e  e n t r o p y  i n  i - t h  
s u b s t a n c e  q u a n t i t y  ni. Expres s ion  ( 2 . 4 )  is  c a l l e d  t h e  
M a r c e l i n  - De Donder k i n e t i c  f u n c t i o n  [ 4 , 5 ] .  chemica l  
k i n e t i c s  e q u a t i o n  c o r r e s p o n d i n g  t o  s t o i c h i o m e t r i c  
e q u a t i o n  ( 2 . 3 )  and t o  r e a c t i o n  r a t e  ( 2 .  4 )  is: 

dni 

d t  
-=kr .W 

Here k>o i s  r e a c t i o n  r a t e  c o n s t a n t .  The c a s e  of a 
c o n t i n u o u s  m i x t u r e  assumes i n t e g r a t i o n  i n  v i n s t e a d  o f  
summation i n  numbers of s u b s t a n c e s .  Expres s ion  
l n f  (v)= is  t h e  d i r e c t  ana log  of  chemical  p o t e n t i a l  

( f o r  p e r f e c t  s y s t e m s ) .  F a c t o r  
Gf (V) 

w ( f ) =e x p NQa1 n fd  v] - e x p V Q , ~  1 n f d  v] ( 2 .  6 )  

i n  e q u a t i o n  ( 2 .  2 )  is  r e a s o n a b l y  s i m i l a r  t o  t h e  Marce l in -  
De Donder k i n e t i c  r u n c t i o n  ( 2 .  4 ) .  Model e q u a t i o n  ( 2 .  2 )  

h a s  a fo rma l  ana logy  w i t h  chemica l  k i n e t i c s  e q u a t i o n  
( 2 .  5 ) .  For t h i s  r eason ,  e q u a t i o n  ( 2 .  2 )  w i l l  be c a l l e d  
t h e  Marcelin - De Donder- e q u a t i o n  (MDD-equation). 

A few words s h o u l d  be s a i d  abou t  t h e  c h o i c e  o f  
p a r t i t i o n  ( 2 .  1 ) .  There  e x i s t  i n f i n i t e l y  many p a r t i t i o n s  
of  f u n c t i o n  O(fo) i n t o  p o s i t i v e  and n e g a t i v e  p a r t s .  ~n 
t h e  chemica l  i n t e r p r e t a t i o n ,  any c h o i c e  r e f l e c t s  a 
s p l i t t i n g  of t h e  g iven  s t o i c h i o m e t r i c  v e c t o r  'Ti i n  two 
s e t s  of t h e  income and of t h e  e x p e n d i t u r e  s t o i c h i o m e t r i c  
c o e f f i c i e n t ,  ai and .. P a r t i t i o n  ( 2 .  1 )  makes t h e  s e n s e  
of  s p l i t t i n g  t h e  chemica l  r e a g e n t s  i n  two g roups  so t h a t  
e i t h e r  ai#o and 8 .=o, o r  a .=o and fi . f o .  T h i s  c o r r e s p o n d s  
t o  s t o i c h i o m e t r i c  e q u a t i o n s  ( 2 . 3 )  wi thou t  
auto-cafal .ys1.s.  R e c a l l  t h a t  a u t o - c a t a l y t i c  s t e p  i s  
r e a l i z e d  when bo th  ai and pi i n  ( 2 .  3 )  a r e  n o t  equa l  t o  
z e r o ,  a t  l e a s t  f o r  a s i n g l e  number i. When 

1 

1 1 1 
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auto-catalytic steps are absent, MDD reaction rate (2.4) 
€ o r  perfect systems transforms into the standard mass 
action law form (MAL). Hence, partition (2.1) can be 
called the MAL-representation of function Q(fo). This 
representation corresponds to partition of velocity 
space into two domains with non-intersecting interiors, 
V p  and V,. The support of function’s Q(fo) positive part 
coincides with V the support of the negative part of 
Q(fo) coincides with V,. Accordingly, functions 0, and 
Qp are non-negative, and they are concentrated on 
non-intersecting domains V, and V p .  

MDD-equation (2.2) possesses a set of properties 
which are a formal immediate generalization of 
elementary properties of equations (2. 5 )  onto continuous 
case [ 2 ,  4 ,  51: 

Property 1 .  ~f f is a non-negative function, then 
solution to equation (2. 2) with initial condition f, is 
non-negative for all fro. 

Propert-y Z. solution to equation (2.2) with initial 
condition f, belongs to the straight line fo+zQ(fo). 

Pr0pert.y 3. conservation laws are satisfied in 
every point of the trajectory of equation (2.2). 

Pr0pert.y 4 .  H-function ( I .  3 )  monotonically 
decreases due to equation (2.2), that is: 

P’ 

0 

U = k  [ Q p- Q, 1 { e xp uQal nfd v) -e xp u a p  Inf d v) } 1 nf d vS 0 

Thus, the trajectory of MDD-equation (2.2) is a 
segment of a straight line emerging from the initial 
state f, and running in the direction Q(fo). A l l  states 
on the MDD-trajectory do make physical sense, 
conservation laws are satisfied, and the H-function 
monotonically decays from its value in the initial state 
f, to its value in a final equilibrium state of equation 
(2. 2). This latter state will be called the 
MDD-equilibria, and it will be denoted a s  fMDD. To get 0 
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the trajectory of MDD-equation (2. 2), we have to derive 
the state fMDD. 0 

2.2. Estimations of MDD-equilibria 

Let u s  consider a functional A ( f )  which is a direct 
analog of a f f i n i f . y  [ 61:  

A ( f ) =  S o(fo)lnfd3v (2. 7 )  

Condition A ( f ) = O  determines a hyper-surface D ( f )  where 
the "chemical potential" lnf is orthogonal to 
'"stoichiometric vector'' O ( f o ) .  MDD-equilibria fiDD is 
the state where the line fO+zO(fO) crosses the 
hyper-surface D(f). Due to Property 2, we have: 

( 2 . 8 )  
0 

fMDD=fo+zMDDQ(fo) 

and parameter zMDD is a solution of an equation: 

A ( z ) = O  ( 2 .  9 )  
Here A(z) is the value of affinity A ( f )  (2. 7) on the 
line fo+zQ(fu): 

A ( z ) =  O(fo)ln(fo+zO(fo))d 3 v S 
Note that zMDD is correctly defined by equation 

2 . 1 0 )  

2. 9 ) ,  
and it is independent of any partition of O(fo). For  
practical aims, MAL-representation (2. 1) is most 
convenient. 

Introduce a normalization of MAL-representation 
( 2 .  1 ) :  

After introducing a new variable b=qz, we have: 
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fiDD=f 0 +b MDD9('O) (2. 12) 

Parameter bMDD=4zMDD is a solution of an equation 
equivalent to equation (2. 9): 

(2. 13) 

a,(b)=~q,ln(fo-bq,)d3v, A ( b ) =  qpln(fo+bqp)d 3 v (2. 14) 
P s 

Functions A,(b) and A (6) (2.14) have the following 
proper ties: 

1. The domain of function A,(b) is an open 
semi-axis ]-O3,b,[, where b,>o. The domain of function 
AP(b) is an open semi-axis ]bP, +W[, where bp<o. 
Functions A,(b) and A (b) have logarithmic singularities 
in points b, and bp respectively. 

2. Functions A,(b) and A (b) are monotonic, that is 
dA,(b)ldb<o inside the domain of A,(b), and dA (b)ldb>o 
inside the domain of A (6). 

3. Functions Aa(b) and A (6) are concave, that is 
2 P 

d A,, P (  6) ldb260 inside corresponding domains. 
4. A ( 0  )-A,( 0 )=q-'o(fO )<o ,  

where O(fo)= 0(fo)lnf,d v is the H-function production 

in initial state f, (see (1. 4)). 
The singular point b, is the minimal value of the 

ratio f,/qa More specifically, let us define a 
parameter X=b,': 

P 

P 

P 
P 

P 

3 P I  

( 2 .  1 5 )  

If X@, then for all v functions ln(l-bqa(v)/f0) 
are defined inside the interval [o,X-'[. Further, we 
shall assume that X<m for the initial state f,. This 
means that f o ( v )  should decreases sufficiently rapidly 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
n
i
v
e
r
s
i
t
y
 
o
f
 
L
e
i
c
e
s
t
e
r
]
 
A
t
:
 
1
5
:
5
0
 
2
0
 
A
u
g
u
s
t
 
2
0
0
8



282 GOR3AN, KARLIN, AND ZMIEVSKII 

as Iv( tends to infinity (see section 4 ) .  

Properties of functions Aa(b) and A ( b )  listed 
guarantee that equation ( 2 . 1 3 )  has an unique positive 
solution b,,,. 

between zero and the unknown solution bMDD, it is 
sufficient to approximate the function A (b) from above 
with a concave function, and to approximate Aa(b) from 
below with a concave function. 

To get an upper estimation for function A (b), turn 
to logarithmic coordinates, and consider a function 

P 

To get a guaranteed first estimation bMDD (1) located 

P 

P 

Wp(b) 

Wp(b )=eXP( Ap'b 1 ) ( 2 .  1 6 )  

It can be shown that function w ( b )  is monotonic and 
concave. Consequently, W (b) is majorized by a tangent 
line: 

P 
P 

Inequality (2. 17) yields the 
function A (b) inside its domain: P 

dAp(b) 
Ap(b)<A (o)+ln 1+ 

P db 

upper estimation for 

( 2 .  18) 
b=O 

Lower estimation for function A ( b )  is evident from -P an inequality being true f o r  bE[O,X [ :  

Aa(b)=Aa(0)+ qaln(l-b-)d qa 3 vr~~(~)+ln(l-Xb) J f o  
Hence, 

Aa(b)~Aa(0)+ln(l-Xb) ( 2 . 1 9 )  

Equalizing the right hand sides of inequalities 
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( 2 .  18) and ( 2 .  19), we g e t  an e x p l i c i t  l i n e a r  e q u a t i o n  
f o r  t h e  approx ima t ion  bhAA which i s  l o c a t e d  with a 
guarant.y between o and bMDD. s o l v i n g  t h i s  e q u a t i o n  and 
r e t u r n i n g  t o  t h e  v a r i a b l e  z, we f i n a l l y  g e t  t h e  f i r s t  
app rox ima t ion  z,,,. ( 1 ) .  

L e t  u s  l i s t  h e r e  t h e  f o u r  p a r a m e t e r s  which shou ld  
be c a l c u l a t e d  t o  o b t a i n  t h e  v a l u e  zMDD ( 1 )  ( 2 .  2 0 ) :  

O(f,)= O ( f o ) l n f , d  3 v; s 

s u b s t i t u t i n g  t h e  v a l u e  Z L A A  ( 3 .  2 0 )  i n s t e a d  of  zMDD 
i n t o  ( 2 .  8 ) .  we come t o  t h e  f i r s t  app rox ima t ion  fo r  
MDD-equilibria which i s  l o c a t e d  wi th  a g u a r a n t y  between 
fo and f,,,. The v a l u e  ( 2 .  2 0 )  can be improved by a 
method of s u c c e s s i v e  approx ima t ions .  T o  d o  t h i s ,  one 
s h o u l d  make t h e  e s t i m a t i o n s  ( 2 .  1 s )  and ( 2 .  1 9 )  i n  t h e  
p o i n t  bMD,. ( l )  T h i s  g i v e s  a s t a r t  t o  a Newton-type p r o c e s s  
of o b t a i n i n g  t h e  s o l u t i o n  bMDD. The sequence  or 
approx ima t ions  w i l l  rnonofonical1.y increase t o  t h e  p o i n t  
b,,,. We w i l l  n o t  d i s c u s s  t h e  convergency of t h i s  
s equence  i n  t h i s  paper ,  and we w i l l  r e s t r i c t  o u r s e l v e s  
t o  t h e  f i r s t  app rox ima t ion  ( 2 . 2 0 ) .  

Thus, we have  c o n s t r u c t i v e l y  de t e rmined  t h e  s t a t e  
f'=fiD, a t  which t h e  f i r s t  s t e p  of r e l a x a t i o n  ends,  and 
we have  comple ted  t h e  two-s tep  approx ima t ion  ( 1 .  1 1 ) .  
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3. EXAMPLE: TWO-STEP APPROXIMATION OF BKW-MODE 

A model of p a r t i c l e s  w i t h  t h e  b i n a r y  i n t e r a c t i o n  
p o t e n t i a l  p r o p o r t i o n a l  t o  t h e  i n v e r s e  f o r t h  d e g r e e  of  
d i s t a n c e  ( i n  t h e  th ree -d imens iona l  c a s e )  is u s u a l l y  
c a l l e d  "Maxwell mo lecu le s" .  For them, e q u a t i o n  (1. 1 )  is: 

f ( v ' ,  f ) f ( w ' ,  f)-f(v, t ) f ( w ,  t )  

Here a depends  o n l y  on t h e  p r o j e c t i o n  of > h e , u n i t  v e c t o r  
* v-w * v -w g = m  on t h e  s c a t t e r i n g  d i r e c t i o n  n = m  N o t a t i o n s  
a r e  s t a n d a r d ,  and f o l l o w  t h e  paper  [ 7 ] .  

An e x a c t  automodel s o l u t i o n  of e q u a t i o n  ( 3 .  1 )  was 
d i s c o v e r e d  by Bobylev ( 8 1 ,  and Krook and Wu [9] ( t h e  
BKW-mode). The TAP which r e p r e s e n t s  t h e  BKW-mode is: 

+{[5-3(a(1-c)+c) f (a(l-c)+c) (O(l-C)+C)-l v 1 I 1 2l ( 3 . 2 )  

Here v a r i a b l e  a s p a n s  t h e  segment  [ 0 , 1 ] ,  w h i l e  pa rame te r  
c l a b e l s  t h e  i n i t i a l  s t a t e  of BKW-trajectory ( 3 .  2 ) .  

Paramete r  c t a k e s  t h e  v a l u e s  i n  a semi-opened i n t e r v a l  
[ I ,  T [ .  v a l u e  C = I  c o r r e s p o n d s  t o  t h e  e q u i l i b r i u m  
d i s t r i b u t i o n  fi (1 .  6 ) .  For c>? f u n c t i o n  (3. 3 )  becomes 
n e g a t i v e  f o r  some v a t  a=O. The BKW-trajectory ( 3 . 2 )  

b e g i n s  i n  t h e  s t a t e  f o ( c ) ~ f B K w ( O , c )  a t  a=O, and ends  i n  
t h e  e q u i l i b r i u m  s t a t e  f:=fBKw( 1 ,  c )  a t  a=l .  

Now we w i l l  c o n s t r u c t  t h e  two-step approx ima t ion  of 
t h e  BKW-trajectory.  

The inifial sfafe. I n i t i a l  s t a t e s  w i l l  b e  chosen on 
t h e  BKW-trajectory,  and t h e y  w i l l  b e  l a b e l e d  wi th  
pa rame te r  c: 
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0 The final equilibrium state f, is the same for all 
initial states fo(c), and it is given by expression 
( 1 .  6). Thus, we are going to construct a family of 
two-step approximations f o r  initial states f,(c) (3. 3), 
where c takes values between 1 and 513. 

MAL-representation. substituting functions (3. 3 )  

into the RHS of equation (3. 1), we find the functions 
ao(c)=o(fo(c)) (the values of collision integral in the 
states (3. 3) ): 

Here “S dn Cl(k*n)(  l-(k*G)2) ‘I* * *  

For a given c, where l<c<5/3, function Qo(c)  (3. 4 )  

is negative only inside the spheric layer between 

spheres of radii V-(C)= ( S - G ) / C  and 

centered in the point v=O. + 
MAL-partition of the velocity space is: 

( 3 .  5 )  

The first approximation of MDD-equilibria. 
Introducing a dimensionless variable zbDD(c): 

1 
zMDD(C )= h(C-1) 2ZMDD ( ) 

we can write down the MDD-equilibrium states fiDD(c) as: 
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286 GORBAN, KARLIN, AND ZMIEVSKII 

(3. 6 )  2 2 1  +((c-l)-loz~DD(c))cv 2 +ZMDD(C)C ( V  ) 

The first approximation to Z ~ ~ ~ ( C )  (2.20) gives: 

1 5 -  1 O ‘ I  [ c ) +T2 ( c P ( C ) =  - 1 

2 ( 5 - 3 C )  +5(C-1)(7-3C) 

( C - 1 )  

T(C)= 

J5 -7% a, 

( 3 . 7 )  

0 

A l l  integrals in (3. 7) can be easily calculated 
numerically. The first approximation z & ) ( c )  is given 
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TABLE 1 
- 

Nc 
- 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 c  
- 

C 

1. 06 

1. 12 

1 .  18 

1. 24 

1 .  3 0  

1. 36 

1. 42 

1 .  48 

1. 54 

1. 59 

' (1) 
MDD Z 

8. 2484'10-4 

3 .  1779'lOu3 

6. 8551 * 

1 .  1660'10-2 

1. 7409. 

-2 
2. 3916' 10 

3. 0969*10-' 

3 .  8277'10-2 

4. 5 3 2 2 '  l o - ?  

5. 0791'10-2 

0.1125 

0. 2 2 2 1  

0. 3276 

0. 4291 

0. 5268 

0. 6203 

0. 7087 

0. 7895 

0. 8563 

0. 8903 

First Approximation zkAk)(c) for MDD-equilibria ( 3 .  6) 

(Third Column) and Capacity of its Positiveness (Fourth 
column ) .  

in Table 1 (third column) f o r  ten values of parameter c. 
substituting z$,b)(c)  ( 3 .  7 )  instead of zbDD(c) into 
expression fMDD(c) (3.6), we finally get the two-step 
approximation of the BKW-trajectory: 

0 

(I-2a)f (c)+2afMDD(c) 0 , for 05aSi/z 

2( 1-a)fMDD(c)+(2a-l)fg 0 

0 
( 3 .  8 )  

0 , f o r  1/2iaii 
f ( a ,  C ) =  T S  
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TO make a r e l e v a n t  comparison of TS approx ima t ion  
( 3 .  8 )  w i t h  BKW-trajectory ( 3 .  2 ) .  we have  t o  e l i m i n a t e  
t h e  dependence  on a. Cons ide r  no rma l i zed  moments m k ( f ) :  

( 3 . 9 )  

We have  t o  o b t a i n  t h e  dependenc ie s  m k ( m l )  f o r  ( 3 . 2 )  and 
( 3 . 8 )  and n e x t  t o  compare t h e s e  dependenc ie s .  T y p i c a l  
dependenc ie s  of h i g h e r  moments ( k 3 3 )  on t h e  lowes t  
n o n t r i v i a l  moment m, a r e  p r e s e n t e d  i n  F ig .  1 f o r  c = i .  3 

( a  modera te  n o n e q u i l i b r i u m  i n i t i a l  s t a t e s ) .  
Qualifafive behavior. Both t h e  BKW and t h e  TS 

dependenc ie s  m k ( m 2 )  t end  t o  be more convex w i t h  t h e  
i n c r e a s e  of  k. T h i s  tendency  is more p r o g r e s s i v e  f o r  TS 

c u r v e s  a t  s m a l l  k.  For c n o t  exceed ing  1 .  4 8 ,  t h e r e  
e x i s t s  a c r i t i c a l  number k " ( c )  such  t h a t  t h e  BKW cu rve  
m ( m  ) d o e s  n o t  i n t e r s e c t  t h e  BGK-segment of TS f o r  
k<k ( c ) .  Number k . ' ( c )  f a l l s  down w i t h  t h e  i n c r e a s e  of c 
(k'mll0 f o r  c=1. 0 6 ,  k"x6  f o r  c= l .  3 2 ) .  For k > > k . ' ( c ) ,  t h e  
MDD-segment of TS becomes p r a c t i c a l l y  h o r i z o n t a l  ( s e e  
F ig .  I d ) .  

Quantitafive comparison. Tab le  2 g i v e s  t h e  
e u c l i d e a n  d i s t a n c e  between t h e  c u r v e s  m k ( m 2 )  f o r  BKW and 
TS ( i n  s c a l e d  u n i t s  where mk and m, have  e q u a l  t o t a l  
v a r i a t i o n ) ,  i n  p e r c e n t s  of t h e  t o t a l  v a r i a t i o n  of 
moments. R e c a l l  t h a t  t h e  d i s t a n c e  between two s e t s ,  x 
and Y ,  is  d e f i n e d  as: 

- 

k * 2  

I 

d i s t ( x , Y )  = max min d i s t ( x , , y )  
x e x  .ysr 

In o t h e r  words, we compare t h e  c u r v e s  m k ( m 2 )  f o r  BKW and 
TS as two s e t s  of p o i n t s  i n  a p l a n e  ( m k , m 2 ) .  T h i s  is an 
a p p r o p r i a t e  way t o  make a comparison because  we c o n s i d e r  
o n l y  g e o m e t r i c a l  p r o p e r t i e s  of  t r a j e c t o r i e s ,  wh i l e  t ime 
b e h a v i o r  was n o t  under  c o n s i d e r a t i o n .  

Account ing  t h a t  TS approx ima t ion  r e q u i r e s  only  the 
single state fiDD which is r a t h e r  t l i n e x p e n s i v e l y v '  
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o b t a i n e d  (i. e. w i thou t  s o l v i n g  any dynamic e q u a t i o n s ) ,  
we can s e e  t h a t  i t  is a p p r o p r i a t e  f o r  a ’ p r i o r i  
e s t i m a t i o n s  of  t r a j e c t o r i e s .  I t  shou ld  be mentioned t h a t  
a p h y s i c a l l y  i n t e r e s t i n g  q u a n t i t a t i v e  comparison u s u a l l y  
c o n c e r n s  a dozen of  f i r s t  n o n t r i v i a l  moments w h i l e  t h e  
h i g h e r  moments a r e  r e q u i r e d  t o  have a q u a l i t a t i v e  
s i m i l a r i t y .  

F i n i s h i n g  t h i s  s e c t i o n ,  l e t  u s  n o t e  a remarkable  
f a c t .  Example c o n s i d e r e d  shows t h a t  t h e  MDD-segment of  
t h e  TS approx ima t ion  is n o t  s m a l l  i n  comparison wi th  i t s  
BGK-segmen t. In  a p h y s i c a l  i n t e r p r e t a t i o n ,  t h e  i n i t i a l  
r a t e  of  r e l a x a t i o n  Q ( f o )  d e f i n e s  t h e  changes  of  t h e  
i n i t i a l  s t a t e  f, due t o  a few f i r s t  c o l l i s i o n s  o f  
p a r t i c l e s .  MDD-equilibria g i v e s  t h e  e x a c t  upper  bound of  
changes  which t h e  i n i t i a l  s t a t e  c a n  g e t  i n  t h e  f i r s t  
c o l l i s i o n s ,  and t h i s  bound t u r n s  o u t  t o  be s i g n i f i c a n t .  
I f  t h i s  bound were ve ry  low, then  t r i a n g l e s  i n  F i g . l  
would be  v e r y  narrow, and TS approx ima t ion  would g i v e  a 

q u a l i t a t i v e l y  poor  e s t i m a t i o n  of  t h e  r e a l  t r a j e c t o r y  
(i. e. t h e n  t h e  TS approx ima t ion  would be a lmost  s imi la r  
t o  t h e  BGK-approximation). In  o t h e r  words, t h e  accoun t  
of  f i r s t  c o l l i s i o n s  i s  s u b s t a n t i a l  t o  c o n s t r u c t  an 
approx ima t ion  of t h e  r e l a x a t i o n  t r a j e c t o r y  i n  a whole. 
To i l l u s t r a t e  i t  once aga in ,  l e t  u s  n o t e  t h a t  t h e  l i n e  
fo+zQ(fo) abandons t h e  s p a c e  of  p h y s i c a l  s t a t e s  f o r  

I t  i s  i n t e r e s t i n g  t o  compare t h e  l i m i t i n g  s i z e  
o f  t h e  s t e p  zLIM a l o n g  t h e  l i n e  f o + z O ( f o )  w i t h  t h e  s t e p  
p r e s c r i b e d  by MDD-equation. F O T  s t a t e s  ( 3 .  6 ) ,  we can  
f i n d  e x a c t l y  such  z’ LIM so t h a t  p h y s i c a l l y  p o s s i b l e  
v a l u e s  zLDD can n o t  exceed zLIM. The f o u r t h  column i n  
Tab le  1. shows how f a r  t h e  t h e  f i r s t  app rox ima t ion  t o  
f iDD(c )  is l o c a t e d  from t h e  b o r d e r  of  p h y s i c a l  s t a t e s  
( t h e  e x a c t  MDD-equilibria is s t i l l  c l o s e r  t o  t h e  
b o r d e r ) .  ~t can  be s e e n  t h a t  f o r  none of  c t h e  s t e p  
p r e s c r i b e d  by MDD-kinetics i s  n e g l i g i b l e  i n  comparison 
wi th  t h e  p h y s i c a l l y  p o s s i b l e  s t e p .  
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Figure 1. 

Dependencies  of h i g h e r  no rma l i zed  moments mk ( k > 3 )  on 
t h e  l o w e s t  n o n t r i v i a l  moment m2 f o r  TS approx ima t ion  
( 3 .  8 )  ( s o l i d  l i n e s )  and BKW-trajectory ( 3 .  2 )  (dashed  
l i n e s ) .  s o l i d  l i n e s  b r a k e  a t  m2 c o r r e s p o n d i n g  t o  

Z~~~ ' ( l ) ( c ) = l .  7 4 0 9 '  

MDD-equilibria.  I n  a l l  f i g u r e s  C = l .  3 ,  

m , ( f , ) = O .  9 4 6 7 ,  m 2 ( f i D D ) = 0 .  9879. 
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Figure 1. Continued 

l a )  k=3, m 3 ( f o ) = O .  8648, m3(fi,,)=o. 9 5 9 9 .  

1b) k=8, m8(fo)=0. 4168, m8(fi,,)=@. 6 5 5 8 .  

1 C )  k = l 5 ,  m 1 5  (f 0 ) = O .  1 0 7 5 ,  m,,(f~,,)=O. 2 5 0 3 .  

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
n
i
v
e
r
s
i
t
y
 
o
f
 
L
e
i
c
e
s
t
e
r
]
 
A
t
:
 
1
5
:
5
0
 
2
0
 
A
u
g
u
s
t
 
2
0
0
8



292 GORBAN, KARLIN, AND ZMIEVSKII 

TABLE 2 

k 

3 

4 

5 

6 

7 

8 

9 

1 0  

1.5 

20 

40 

60 

80 

100 

200 

3 0 0  

C = l .  12 

1. 4 

2. 6 

3. 8 

4. 9 

5. 8 

6. I 

7. 6 

8. 3 

11. 2 

12. 8 

13. 2 

9. 9 

6. 5 

4. 2 

5 .  5 

6. 5 

C = l .  24 

2. 1 

3. 9 

5. 6 

6. 9 

8. 1 

9. 0 

9. 8 

1 0 .  5 

12. 1 

11. 6 

5. 6 

6 .  3 

8. 1 

9. 2 

1 1 .  6 

12. 3 

C = l .  36 

2. 5 

4. 6 

6. 3 

7. 5 

8. 6 

9. 3 

9. 8 

1 0 .  2 

9. 7 

1. 7 

9. 2 

1 2 .  3 

13.  9 

14. 9 

16. 7 

1 7 .  3 

C = l .  4 8  

2. 6 

4. 6 

6. 1 

7. 2 

7. 9 

8. 4 

8. 5 

8. 5 

6 .  5 

7. 5 

14. 8 

17 .  S 

19. 2 

20. 1 

21. 6 

22. 0 

C = l .  59 

2. 2 

3. 8 

5. 0 

5. 7 

6. 2 

6. 2 

6. 1 

5. 7 

9. 6 

13. 6 

21. 4 

2 4 .  1 

25. 4 

26. 2 

21. 5 

21. 8 

Euc l idean  D i s t a n c e  Between t h e  Curves  mk(m2) fo r  BKW and 
TS i n  P e r c e n t s  t o  t h e  T o t a l  V a r i a t i o n  of Moments. 

d i s t ( x k ,  Y k )  = max m i n  d i s t ( x , . y ) ;  

k X€Xk . ycY 
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4. FINAL REMARKS AND CONCLUSIONS 

I t  is n o t  much s u r p r i s i n g  t h a t  t h e r e  a r e  
p r a c t i c a l l y  no r e l i a b l e  approximate  a n a l y t i c  methods f o r  
t h e  space- independent  Boltzmann equa t ion  and s i m i l a r  
k i n e t i c  sys t ems  because  t h e r e  is no a t r a d i t i o n a l  s m a l l  
parameter  (we a r e  speak ing  of  methods a p p l i c a b l e  t o  
e q u a t i o n  ( 1 .  1 )  with  a r b i t r a r y  c o l l i s i o n  i n t e g r a l ;  t h e  
e x c e p t i o n  a r e  Maxwell molecules  and some o t h e r  s i m i l a r  
models, s e e  1 7 1 ) .  In f a c t ,  among c l a s s i c a l  methods of 
k i n e t i c  t heo ry ,  pe rhaps  o n l y  t h e  Grad method [ l o ]  i s  
f o r m a l l y  a p p l i c a b l e  which i n v o l v e s  a t e r m i n a t i o n  o f  t h e  
moment c h a i n  e q u i v a l e n t  t o  e q u a t i o n  (1 .  1 ) .  However t h e  
r e a l i z a t i o n  of  Grad method f o r  e q u a t i o n  ( 3 .  1 )  h a s  shown 
i ts  poor approximat ion  a b i l i t i e s  [ 111. R e s u l t s  of  
s e c t i o n  3 show t h a t ,  i n  p r i n c i p l e ,  any approximate  
method which " b e g i n s  wi th  t h e  e q u i l i b r i a  fin w i l l  f a c e  
s e r i o u s  d i f f i c u l t i e s  when p r e d i c t i n g  t h e  t r a j e c t o r y .  

The method developed  i n  s e c t i o n  2 i s  d i r e c t l y  
a p p l i c a b l e  t o  any k i n e t i c  e q u a t i o n  of t h e  t y p e  (I. 1 )  

p o s s e s s i n g  t h e  p r o p e r t i e s  ( i )  and (ii) of  s e c t i o n  1. The 
method g i v e s  e x p l i c i t  approximat ion  of a t r a j e c t o r y  
s a t i s f y i n g  wi th  a g u a r a n t e e  c o n d i t i o n s  (1 .  7 ) - (  1.  l o ) .  I t  

r e q u i r e s  t h e  obta inment  of pa rame te r s  ( 2 .  2 1 ) ,  and s o  i t  
can b e  s a i d  t h a t  t h e  problem is  s o l v e d  '!in q u a d r a t u r e s " .  
The f i n i t e n e s s  of  t h e s e  pa rame te r s  i s  t h e  main 
r e s t r i c t i o n  on t h e  c h o i c e  of t h e  i n i t i a l  s t a t e  f,, and 
i t  h a s  a v e r y  n a t u r a l  p h y s i c a l  meaning: O(f,) is t h e  
H-funct ion  p roduc t ion ,  X r e f l e c t s  t h e  upper  bound of 
e x p e n d i t u r e  of p o s i t i v e n e s s ,  ( d ~ p ( b )  / d b )  I b=o r e f l e c t s  
t h e  t o t a l  income of p o s i t i v e n e s s .  I f  X=m. t hen  f(v) 
becomes n e g a t i v e  f o r  some v i n  an i n f i n i t e l y  s h o r t  
p e r i o d  a f t e r  t=o. I f  (dap (b ) /db ) lb=O=m,  then  t h e  
c o n s e r v a t i o n  laws w i l l  be v i o l a t e d  i n f i n i t e l y  qu ick ly .  
To app ly  t h e  method of  s e c t i o n  2 ,  t h e  i n i t i a l  s t a t e  
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s h o u l d  d e c r e a s e  s u f f i c i e n t l y  r a p i d l y  a s  IvI t e n d s  t o  
i n f i n i t y .  I t  i s  s u f f i c i e n t  t o  c o n s i d e r  t h e  f o l l o w i n g  
i n i t i a l  s t a t e s :  

2 f ,  0: exp  (-cv / ~ ) P ( v )  

Here c>l, and P(v) is  a p o s i t i v e  f u n c t i o n  which h a s  a 
po lynomia l  growth as IvI t e n d s  t o  i n f i n i t y .  

F i n i s h i n g  t h i s  paper ,  l e t  u s  l i s t  h e r e  some f u r t h e r  
ways i n  development  of TS approximat ion .  

( i )  Multi-step approximations. when t h e  
( a p p r o x i m a t e )  MDD-equilibria f,,, is o b t a i n e d ,  we can  
c o n s t r u c t  t h e  n e x t  MDD-equilibria u s i n g  fMDD i n s t e a d  f,, 
and O ( f M D , )  i n s t e a d  of O ( f , ) .  c o n t i n u i n g  t h i s  p r o c e s s ,  
we can  make n such  s t e p s ,  and we s h o u l d  comple t e  t h e  
p r o c e s s  wi th  t h e  n + i - t h  BGK-step. The broken  l i n e  
o b t a i n e d  w i l l  b e  a TAP. A b e t t e r  way is t o  make t h e  
f i r s t  s t e p  s h o r t e r  t han  i t  is p r e s c r i b e d  by .zhAA ( 2 .  2 0 ) .  

A g e n e r a l  r e c i p e  might  be a s  fo l lows :  make t h e  f i r s t  
and n e x t  make n-i such  

s t e p s .  I t  s h o u l d  be s t r e s s e d  t h a t  adding  new MDD-steps 
w i l l  g i v e  a b e t t e r  r e s u l t  with a guarantee ( i n  c o n t r a s t  
t o  Grad-type methods where add ing  h i g h e r  moments can  
even r e s u l t  i n  nega t ive -va lued  f u n c t i o n s ) .  

(11) smooth planar approximations. The t h r e e  
s t a t e s ,  f,, f:,,, and f,, form a triangle c o n s i s t i n g  of  
t h e i r  convex l i n e a r  combina t ions .  Each p o i n t  of  t h i s  
t r i a n g l e  i s  a p h y s i c a l  s t a t e ,  and c o n s e r v a t i o n  laws a r e  
v a l i d .  We can pose  a problem of  c o n s t r u c t i n g  a smooth 
TAP from f, t o  fi i n s i d e  t h i s  t r i a n g l e ,  and which i s  
t a n g e n t  t o  t h e  MDD-side i n  f,. Then we cou ld  g e t  a 
smooth approx ima t ion  of t h e  t r a j e c t o r y .  ~t i s  p o s s i b l e ,  
b u t  some e f f o r t s  s h o u l d  be spend t o  comple te  c o n d i t i o n  
(1. 1 0 )  a l o n g  t h i s  curve .  T h i s  w i l l  be  r e p o r t e d  i n  a 
s e p a r a t e  paper .  

(iii) Time behavior. Though t h e  q u a l i t a t i v e  
b e h a v i o r  of  t h e  r e l a x a t i o n  is s u f f i c i e n t  f o r  many 

0 

0 

s t e p  n t i m e s  s h o r t e r  t han  zMDD, ( 1 )  

0 
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problems ( i n  p a r t i c u l a r ,  i n  chemica l  k i n e t i c s ) ,  t h e  t ime 
e v o l u t i o n  i s  a l s o  i n t e r e s t i n g .  For  TAP’S,  t h e  time 
b e h a v i o r  s h o u l d  come through a dependence a(f). T o  g e t  
an ordinary differential equation f o r  a, we have t o  
p r o j e c t  t h e  v e c t o r s  O(f(a)) o n t o  8f(a)/da i n  eve ry  s t a t e  
f(a). There  a r e  s e r i o u s  r e a s o n s  t o  b e l i e v e  t h a t  a 

g e n e r a l  method of thermodynamica l ly  c o r r e c t  p r o j e c t i n g  
[ 1 2 ,  1 3 ,  1 4 1  s o l v e s  t h i s  problem. I f  so,  t h e n  t h e  e q u a t i o n  
f o r  a comes th rough  t h e  e n t r o p y  b a l a n c e  e q u a t i o n  a l o n g  
TAP, and i t  h a s  t h e  form: 

d a l d f = O ( a ) ( d H ( a ) / d a ) - l  (4.1) 

Here O(a)=o(f(a)), H(a)=H(r(a)), i n i t i a l  c o n d i t i o n  is 
a ( o ) = o ,  and we have t o  d i s t i n g u i s h  t h e  l e f t  and t h e  
r i g h t  d e r i v a t i v e s  d H ( a ) / d a  i n  t h e  p o i n t  a = 1 / 2 .  
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